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This paper concerns the open problem of Lovasz and Saks regarding the relationship between
the communication complexity of a boolean function and the rank of the assaciated matrix. We
first give an example exhibiting the largest gap known. We then prove two related theorems.

1. Introduction

In Yao’s two-party communication complexity model [15], two parties, Alicc
and Bob, evaluate a boolean function f: X xY —{0,1} on inputs w,y. Alice only
knows = and Bob only knows y and thus in order to evaluate f they will need to
communicate with each other according to some fixed protocol. (The function [
is known to both parties.) The {deterministic) communication complexity of [ is
defined as the number of bits that need to be exchanged, on the worst case input,
under the best protocol for f. We refer to [5] for an introduction to the subject.

It is convenient to associate with each such function f a matrix A/ which has a
row for each z € X and a column for each y €Y where the (z,y) entry of M holds the
value f(x,y). Similarly, a matrix M with (0,1) entries is associated with a hoolean
function. For a matrix with (0,1) entries M, denote by ¢(M) the deterministic
communication complexity of the associated function, and by rk(M) its rank over
the reals.

It is well known [8] that logrk{M) < (M) < rk(M). It is a fundamental
question of communication complexity to narrow this exponential gap. As rank
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arguments are the main source of deterministic communication complexity lower
bounds, and the rank function has many useful properties, it would make life nicer
if the lower bound was rather tight. A tempting conjecture, phrased as a question
by Lovdsz and Saks [6], is:

Conjecture 1. For every (0,1) matrix M, ¢(M) :(log'rk(M))O(l)‘

Lovész and Saks [7] also show that this conjecture is equivalent to the following
conjecture suggested (with somewhat different parameters) by van Nuffelen [11] and
Fajtlowicz [2]:

Conjecture 1'. For every graph G, logx(G) < (logrk(G))°W) | where X(G) is the
chromatic number of the complement of G and rk(G) is the rank, over the reals, of
its adjacency matrix .

Several authors have obtained separation results between c(M) and logrk(M)
[1, 13]. The best separation known so far gives an infinite family of matrices for
which ¢(M) >logrk{M)logloglogrk(M) [14]. Our first result is an example with a
much larger gap.

Theorem 1. There exist (explicitly given) (0,1) matrices M of size 2" x 2" such
that ¢(M)=Q(n), and logrk(M)=0(n®), where a =log32=0.63...

The same (n) lower bound applies also to the randomized and to the non-
deterministic communication complexities. The construction is based on boolean
functions with high “sensitivity” and low degree. Such a function was constructed
in [9]. The lower bound for the communication complexity relies on the known
lower bounds for randomized communication complexity of “disjointness” [3, 12].
Recently Kushilevitz [4] has somewhat improved the construction of [9] and has
thus reduced the value of o to logg3=0.61... The main lemma of [9] shows how-
ever that this technique cannot reduce the value of o below 1/2.

We then return our attention to Conjecture 1, and consider weaker related
conjectures. To explain them, we need some notation. If S is a subset of the entries
of M, let Sy and 51 denote respectively the subsets of S whose value is 0 and 1
respectively. Call § monochromatic if either S = Sy or § = S57. Let mono(M)
denote the maximum fraction |A|/|M| over all monochromatic submatrices A of
M. When S is not monochromatic, we will be interested in the advantage one color
has over the other. The (absolute) discrepancy of S is §(S) = |(|So| — [S11)/|M|].
Define disc(M) to be the maximum of §{A) over all submatrices A of M.

M)

Since an optimal protocol for M partitions it into at most 2¢(M) monochromatic

rectangles, we have the basic relation:

disc(M) > mono(M) > 27<M)

or, equivalently,
—logdisc(M) < —logmono(M) < c(M).
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Thus two conjectures weaker than Conjecture 1 suggest themselves. They
respectively assert that low rank matrices have large monochromatic rectangles, or
weaker still, large discrepancy.

Conjecture 2. For every M, —logmono(M)=(log rla:(ﬂ*[))()(]).

Conjecture 3. For every M, —logdisc(M)=(logrk(M))OW).

As mentioned, Conjecture 1 — Conjecture 2 — Conjecture 3. We first prove,
in Theorem 2, that Conjectures 1 and 2 are cquivalent. We then prove, in Theorem
3, (a strong form of) Conjecture 3.

Theorem 2. Conjecture 1 iff Conjecture 2.

Thus in order to prove Conjecture 1 it suffices to show that every low rank
boolean matrix M has a “large” monochromatic submatrix (i.e. of areca which is

1/ exp(log® D k(M) fraction of the area of M). In fact, the proof of the theorem
implies that it suffices to show that every rank » boolean matrix has a “large”
submatrix of rank at most, say, 0.99r.

Theorem 3. For every M, 1/disc(M)=0(rk(M)3/?).

Note that Theorem 3 implies Conjecture 3. The bound in this theorem is nearly
tight: for every r there are infinitely many matrices M of rank r and 1/disc{(M) >r.
This can be easily seen by taking any square array of + x r Hadamard matrices.

This theorem supplies the first clue that low rank has something to do with low
communication complexity, though in a very weak sense. The communication model
we have in mind is distributional communication complexity, where the inputs are
chosen at random [16]. For this model, low rank guarantees a cheap protocol
with a nontrivial advantage over guessing the function value. In the protocol each
player sends one bit specifying whether or not his input is in the biased rectangle.
Precisely:

Corollary 1. If k(M) = r, then there is a 2 bit protocol PP, which satisfies
PriP(r,y)=M(zy)] =
at random.

1/2+Q(r=3/2), where the input (x,y) is chosen uniformly

2. Proof of Theorem 1

We will require the following definition.

Definition. Let f:{0,1}" - {0,1} be a boolean function. We say that f is fully
sensitive at 0 if f(0)=
unit vector), f{z)=1.

0 and yet for any vector - of Hamming weight 1 (i.e. for any
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The degree of f, deg(f) is defined to be the degree of the unique multivariate
multi-linear polynomial over the reals which agrees with f on {0,1}™.

In [9] it is shown that any boolean function which is fully sensitive at 0 must

have degree at least /n/2. They also give an example of a fully sensitive function
with degree significantly less than n.

Lemma 1. [9] There exists an (explicitly given) boolean function f:{0,1}"—{0,1}

which is fully sensitive at 0 and deg(f)=n“, for e =logz2=0.63... Furthermore,

f has at most 200"} monomials.

For completeness we repeat the construction of {9].
Proof. Let F(z1,z9,23) be the symmetric boolean function giving 1 iff exactly 1 or

2 of its inputs are 1. It is easy to check that F is fully sensitive at 0. One may
also readily verify that deg(E) =2 as E(z1,29,23) =21 + 29+ 23 — 2120 — 2123 — 2223.

We now recursively define a function Ej, on 3* input bits by: E9(z) = z, and
EF()=E(EF1(.),EF1(.), EF=1(.)), where each instance of E5~1 is on a different
set of 3¥~1 input bits. It is easy to prove by induction that (1) E¥ is fully sensitive
at 0, (2) deg(E*)=2% and (3) E* has at most 62°~1 monomials. Our desired fis

the function E* on n=3F variables!. [ |

We now transform f into a matrix as follows.

Definition. With every boolean function f:{0,1}™ — {0,1} we associate a 2™ x 2"
matrix My as follows:

My(zy..oxnsyr .- yn) = f@1 91,52 92 Ty - Yn).
The properties of My are ensured by the following lemmas.

Lemma 2. If f is fully sensitive at 0 then c(My)=Q(n). The same lower hound
holds for the randomized and for the nondeterministic complexity of M.

Lemma 3. Let f be a polynomial with m monomials, then rk(M;) < m. In

particular, if d=deg(f) then rk(My) < Z;:i:O (M =20(dlogn),

1

Proof of Lemma 2. This proof is a direct reduction from the known lower bounds for
the randomized communication complexity of disjointness. These bounds actually

1 Recently, Kushilevitz [4] has improved upon this construction by exhibiting a function E’
on 6 variables which is fully sensitive at 0 and with ‘degree only 3. Using the same recursion,
this reduces « to logg3 = 0.61... The function E’ is defined as follows: E’{zy...25) = Zl zp—

z,, Zizj+z12324F 212025 F 212425+ 202324 t 222325+ 21 2226 T 21 2326+ 2224 26+ 232526+ 24 25 26 -
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show that it is even hard to distinguish between the case where the sets are disjoint
and the case where the intersection size is 1.

Let the UDIS.J problem be the following: the two players are each given a
subset of {1...n}. If the sets are disjoint they must accept. If the sets intersect at
exactly 1 point then they must reject. If the size of the intersection is greater than
1 then the players are allowed to either accept or reject.

Theorem {[3], see also [12]). Any communication complexity protocol for UDIS.J
requires {(n) bits of communication. The same is true for non-deterministic and
for randomized protocols.

Now notice that if f is fully sensitive at 0 then any protocol for My directly
solves UDISJ. This is done by transforming cach set to its characteristic vector.
If the sets are disjoint then for each i, z;y; = 0, and thus M(¥,y) = F(0) = 0.

If the intersection size is exactly 1 then in exactly 1 position z;y; = 1. and thus

M () =1. X

Proof of Lemma 3. Let f(z1...2,) =) sas][;cg 2 be the representation of [ as a
real polynomial, where S ranges over all subsets of {1,...,n}. By the definition of
My it follows that My =Y gasMg, where the matrix Mg is defined by Mg (¥, ¥)=
H'EES z;-y;. But clearly for cach S, 7k(Ms)=1. It follows that the vank of M
is bounded from above by the number of non-zero monomials of f. The bound in
terins of the degree follows directly. [ |

The combination of Lemmas 2 and 3 with the function E* constructed in
Lenmuna 1 gives the statement of Theorem 1. [ §

3. Proof of Theorem 2

Assume Conjecture 2, i.e. assume that every (0,1) matrix M has a monochro-
matic submatrix of size |1\/J’!/exp(logk rk(M)). Given a (0,1) matrix M we will
design a communication protocol for M.

Let A be the largest monochromatic submatrix of A. Then A induces in a
natural way a partition of M into 4 submatrices A, B,C, D, with B sharing the
rows of A and C sharing the columns of A. Clearly rk{B) +rk{C) < vk(M)+ 1.
Assume w.l.o.g. that 7k(B) <rk(C), then the submatrix (A]|B) has rank at most
247k(M)/2.

In our protocol the row player sends a bit saying if his input belongs to the
rows of A or not. The players then continue recursively with a protocol for the
submatrix (A|B), or for the submatrix (C|D), according to the bit cominunicated.

Denote by L(m,r) the number of leaves of this protocol, starting with a matrix
of area at most m and rank at most 7. By the protocol presented we get a recurrence
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Lim,r) < L{m,2+7r/2)+ L(m(1-6),r), where é is the fraction of rows in A. By the
assumption, 6 > (exp(log®))~!. Note that (assuming the players ignore identical
rows and columns) that m <27, and that L{m,1)=1. It is standard to see that the

solution to the recurrence satisfies L(m,7) <exp(loghTtr).

We have so far obtained a protocol for M with exp(loght !t rk(M)) leaves; it is
well known that this implies also ¢(M) <O(logh ! rk(M)). |

Remark. Note that the same proof, yielding essentially the same bound, would
go through even if instead of a large monochromatic (rank 1) submatrix we were
promised a large submatrix of rank r/4, say. The idea is that for the decomposition
A,B,C,D in the proof we have in general rk(B)+rk(C) < rk(M)+rk(A). We
used it above for a monochromatic A, so rk(A) <1. Now we have rk(A) < r/4,
and using 7k(B) < rk(C) we get rk(B) < (rk(M) +rk(A4))/2 < 5r/8. Thus
rk(A|B) < rk(A)+rk(B) < 7r/8. The recurrence relation changes to L(m,r) <
L(m,Tr/8)+ L(m(1—46),r), which has the same asymptotic behavior.

The expression r/4 may be raplaced by ar for any o<1 by repeatedly taking
a large submatrix of low rank of the current submatrix. After constant number of
times the rank is reduced to r/4. Again, this does not change the asymptotics of
the recurrence.

4. Proof of Theorem 3

Let us consider (—1,+1) matrices rather than (0,1) matrices; this obviously
changes the rank by at most 1, and does not change the discrepancy. The advantage
is that the discrepancy of a submatrix N of M has a simple form: §(N) is the sum
of entries of IV, divided by the area of M.

We will use the following notation. Let z=(z;) € R™ and A=(a;;) be an nxn
real matrix. Then:

o {|z]|=( ?:11'?)1/2, the Ly norm of z.
¢ ||z|oo =max]_, |z;|, the L norm of x.
e ||A]|=max|jy|=1 |[Az]], the spectral norm of A. It is well known that also || A=

Max||3|=1,|[y||=1 1T Ay|; and || Al =max{v/X: ) is an eigenvalue of AT A}.

o W(A)=( ijla?j)l/z, the Euclidean norm of A.
o tr(A)=> 1" | as, the trace of A.

Overview of Proof. It is best to summerize the proof backwards. We are given a

41 matrix A of low rank and wish to find in it a submatrix of high discrepancy.

This is done in Lemma 6 and is clearly equivalent to finding (0,1) vectors z and y

such that 7 Ay is large. As an intermediate step we shall, in Lemma 5, find real

vectors © and v, having low Leo-norm, with u? Av large. Towards this we shall need
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real vectors w and z having low Lg-norm, with wl Az large. This is equivalent to
proviug lower bounds on || Al|, which we do in Lemma 4.

Lemma 4. For every real matrix A,

AL g < Ay,
rk(A)

Proof. Let r = rk(A). Let us compute the trace of ATA. On one hand, di-
rect calculation by definition shows that {r(AT A) = W(A)2. On the other hand
tr(AT4) = > Ai, where the sum is over all eigenvalues A; of ATA. Since ATA
has only r non-zero eigenvalues, and since all eigenvalues of AT A are positive, the
largest cigenvalue, Ay, is bounded by W(A4)?/r < A\ < W(A4)?. Lemma 4 follows
since ||A]|=vA1. |
Lemma 5. Let A be an n xn £1 matrix of rank ». Then therc exist vectors u.v,

2
oo <1, |[vlloo <1, such that vl Av> ]#

Proof. Denote r=rk(A). Let x and y be vectors such that |lz]|=1, ||y]l=1, and
2T Ay = ||A|l. Let I={i:|z;|>/8r/n}and J={j: ly;| > +/8r/n}. Noticc that
|1} <n/(8r), and |J]<n/(8r).

Let @ be the vector that agrees with @ outside of I and is 0 for indices in 7,
and let @ be the vector that agrees with y outside of J and is 0 for indices in J.

We shall compute a lower bound on #Z Ad. Consider the matrix B defined to
agree with A on all entries 7, such that i€ [ or j € J, and to be 0 elsewhere. Using
this notation it is clear that

il Ap = :L'TAy - ;I:TBy.

A lower bound for 27 Ay =||Al| is obtained using the lower bound in Lemma 4, and
as W(A)=n, T Ay > n/+/r. An upper bound for :KTBy is given by the upper bound
in the last lemma 27 By <||B|| <W(B). Since B has at most n/(8r) non-zero rows
and n/(87) non-zero columns, W (B) <n/(2/r). It follows that 47 A0 >n/(2/7).
Now define u = W'& and v = Wu By definition ||vljec <1 and

[[1]|oo <1. Lemma 5 follows since u” Av=n/(8r)aT Ab. ]

Lemma 6. Let A be an nxn matrix, and u,v vectors such that ||ullee <1,
Then there exists a submatrix B of A with §(B)>u! Av/(4n?).

[v]]oo < 1.

Proof. Let z=Awv. Clearly, Zielx’ Uiz 2uTA'U/2, where K is either the coordinates
where both u; and z; are positive or the coordinates in which both are negative.
Assume the first case (otherwise replace below v«— —v). Then selling 2=y (the



564 NOAM NISAN, AVI WIGDERSON

characteristic vector of K), we have (using ||u|joo <1), T Av>uT Av/2. Repeating
this argument with z = T A, we can replace v with a (0,1) vector y obtaining
ol Ay > uTA7)/4. Now take B to be the submatrix defined by the 1's in « and y.

Since B is a +1 matrix, the bilinear form divided by n? gives its discrepancy. 1}

Combining Lemmas 5 and 6, every +1 matrix A of rank r, contains a submatrix
B with 6(B)> &T'S/? Thus disc(M)> 6—141"“3/27 and Theorem 3 follows. ]
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